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A major difficulty in comparing quantum and classical behavior resides in the struc-
tural differences hetween the corresponding mathematical languages. The Heisenberg
equations of motion are operator equations only formally identical to the classical equa-
tions of motion. By taking the expectation of these equations, the well-known Ehrenfest
theorem provides identities which, however, are not a closed system of equations which
allows to evaluate the time evolution of the system. The formalism of the effective action
seems to offer a possibility of comparing quantum and classical evolutions in a system-
atic and logically consistent way by naturally providing approximation schemes for the
expectations of the coordinates which at the zeroth order coincide with the classical
evolution [1].

The effective action formalism leads to equations of motion which differ from the
classical equations by the addition of terms nonlocal in the time variable. This means

{© Societa italiana di Fisica 431



432 F. CavETTI, G. JoNA-LASINIO, . PRESILLA and I'. TONINELLI

that for these equations an initial value problem is not meaningful and they have to
be interpreted in an appropriate way. Here we analyze situations in which the nonlocal
terms can be reasonably approximated by local ones, so that the quantum corrections do
not modify the locality of classical equations. In the simplest approximation, the effective
Lagrangian differs from the corresponding classical one by a renormalization of both the
potential- and the kinetic-energy terms. We shall not discuss the causal formalism used,
for example, in refs. [2-4], as in the approximation considered this would lead to the same
local equations.

The present contribution describes the beginning of a systematic study of semiclassical
evolutions using the effective action formalism. In the first part, after introducing the
formalism of the effective action and its expansion in powers of ki (loop expansion) in
the context of quantum mechanics, we concentrate on the structure of the first-order
corrections in A. These corrections are evaluated to the second order in the derivative
expansion [5], by two different methods. The first is based on a Euclidean approach [6],
the second one on an adiabatic approximation in evaluating functional determinants.

In the second part of the article we put the formalism at work, choosing as our case
study a two-dimensional (2D) anharmonic oscillator of the kind considered in molecular
physics. The results of the simulations show that by increasing A the effective dynamics
tends to regularize the classical motion and becomes qualitatively very similar to the
quantum evolution provided the energy is sufficiently small.

The evaluation of the effective dynamics in more general cases will be presented in a
forthcoming paper.

PART 1
1. — Effective action in quantum mechanics

In this section we define the effective action [7]. For simplicity, consider a one degrec
of freedom Hamiltonian,

(L1) H(p,§) = Ho(p,§) + U(9).
where
. P11
(1.2) Ho(p,§) = -—— + - mw’§’
2m 2

and the confining potential @(q) is an even polynomial of §. We choose the constant of
U(4) so that the lowest eigenvalue of H is 0. The generating functional of the Green
functions is

(13) Z[J) = (O[T (eh T4/t o)

where [0) is the ground state of H, §(t) = exft ge—+11 J(t) is a source vanishing for
[t| — oo and T is the time-ordering operator. In eq. (1.3), as well as in the following,
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the integrations with boundaries not explicitly indicated are to be understood between
—oc and +o00. The generating functional of the connected Green functions is defined as
W[J] = —ihIn Z[J] and the Legendre transform of W[J] gives the cffective action. By
indicating with ¢ the variable conjugated to J, i.e.,

(1.4) o0 =55
we define
(15) i =W - [ dea) 7).

where J has to be thought, inverting relation (1.4), as a functional of ¢. The functional
I'[g] represents the analog of the classical action, S[g] = [ dt (3mg®(t) — V(g(t))), where
V(g) = 2mw?q* + U(q), and can be written in the form

(1.6) [lg] = Slq] + Tnfq]

with Fy[g] = 0. The Legendre transform can be calculated using the methods of ref. 8].
From the functional derivative of the classical action with respect to the position g(t),
one ohtains the Euler-Lagrange equation of motion

5lg] _

a7 5a(t)

—J().

In the same way the functional derivative of the effective action I'[g] with respect to the
q(t) given by (1.4) viclds

oCla] _
(1.8) St~ J(t).

This equation can be rewritten in the form

~ 0T4lg]

(1.9) md(t) + 94V {a(B) = 5

= J(t).

As we shall see in the next section, T rlg] admits an expansion in powers of A, whose
coefficients have a simple diagrammatic interpretation (loop expansion). Tn this way we
can view the quantum integro-differential equation (1.9) as a perturbation of the classical
equation of motion.

In order to interpret the solutions of eq. (1.8), we rewrite Z[.J|, defined in (1.3}, in
the equivalent, form

(1.10) Z1J] = (U (+00, —50)[0) = (0T (e~ # f HA-as 0y gy
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where Ug’ (ts,ta) is the evolution operator from t, to t, in the Schrodinger representation
and in the presence of the external source J(t). Note that in quantum mechanics J(t) is
an external force. The variable conjugated to J then is

(o UL (,0)1 GUL(E,0)|81)

(1.11) qlt) = (B ;
where

(1.12) (o] = (OUF (+00,0) ,

(1.13) 18107} = U5 (0, —00)[0) .

Since generally |8 ) differs from |apy)), ¢(t) is a nondiagonal matrix element of § between
two states which evolve in the presence of J(#). The solution of cq. (1.8) therefore can be
complex valued. In the harmonic case U(g) constant, |ap;)) and |5,7) are coherent states
and coincide, up to a phase, if J{w) = 0, where J is the Fourier transform of the external
force. In the anharmonic case, more complicated conditions have to be imposed on .J
so that the two states coincide. If these conditions are satisfied, ¢(t) is the expectation
value of the position operator.

2. — Loop expansion of the effective action

The effective action cannot be evaluated exactly for anharmonic systems, i.e., U(g) #
constant. A widely used approximation scheme is the loop expansion (sece, for example,
[9,10]), or semiclassical approximation, consisting in an expansion of Tl¢] in powers of h.
At the lowest order the effective action coincides with the classical action, whereas the
one-loop term is expressed by means of a functional determinant.

In order to obtain the loop expansion, we express Z[J] as a path integral. Equation
(1.10) can be rewritten, using the Gell-Mann and Low theorem [11], as

(00| T (e~ LD =dt110]y )
Oo[T (e F 1A T@ O o)

(2.1) Z[J] =

where go(t) = eiHOt(je*%HU’ and |0p) is the ground state of Hy. Equation (2.1) is
equivalent to

oAV () g
(2.2) A= — Ji:JW
J [ty (ﬁ) Zold']

J'=0
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where Zy[J] in terms of Feynman path integrals [12] reads

(2.3) Zy[J] = hm dedJ/ eéI,TTdt[%q‘z(m%w2q2(tJ+J(t>q<t>}wmw(y)_

Here og(x) = (x|0) and d[¢]¥ is the functional measure on paths with endpoints g(—T) =
x, ¢(T) = y. The purely oscillating integrand in eq. (2.3) can be regularized by changing
w into w. = w(l —ic), with ¢ — 07 [13]. Comparing egs. (2.2) and (2.3) we obtain

24) 2] =
Jdzdy [dlq)¥ ot Iy B (=Bl (0 -Ule®)+ I (0)g(0)]

= lim lim @ofx)poly)
e—0+ T-roc j .rdy [d[q‘[(’ﬁ f_T(lt[ P2(t)—Rwiq® (r)—U(q(t)}]('_90(:1;)(;0(3})

Now we apply the stationary phase approximation to {2.4), expanding the exponent
at the numerator around the solution go(t) of

(2.3) méo(t) = —mwlqe(t) — 8,U(qo(t)) + J (1),

which vanishes for |{| = co. We find

(2.6) Z[J] = eh(Sasltf did(nuolt)) o

[ dlglg e JI ari ) —2a® (- 307U (a0 (1" (1)

x N lim TIT10 o2 [y R () —wi? (1))
f d[g]y e /-1 ‘

Note that the integrations over z and y disappear since g(.} is proportional to §(.) in
the limit i — 0. The Gaussian integrals in (2.6) can be performed yielding

(2.7) Z[J] ~ e 8 (SlaolHf dtT(t)ge ()}
det (=82 — w2 — Lg%y ' -3
x lim lim © ( t W T mY (go( ))) ;
£ 0+ Tooe det (-0} — w?)

where the differential operators act on functions y(¢) with Dirichlet boundary conditions
y(—T) =y(T)=0. From eq. (2.7) we obtain

(2.8)  WJ] = WolJ] + AWL[J] + O (h?)
= Slanl+ [ des(t)an(t

let (=02 —w? - 102U
+ lim lim %hl((e ( we — % Ulao ()))) +O(R).

0t Tooo det (=07 — w?)
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45[q]

Setting ¢ = ¢g + Ag’ and remembering that 520
qo

= —J(i), the effective action to

one-loop order is
(2.9) Tq] = Tolg] + Al1[q] + O (A

— W] + AW ] — / dtg(t) J (1) + O ()

— S[g - ha'] + KWL [J] — A / dtq (£)1(1) + O (72)

i
= Slg] + % lim lim In

=0t T—oo

+ O (R,

Dirichlet(+T)

det (87 —w? — 02U (q(t)))
det (—07 — w?)

3. — Derivative expansion of the effective action

The classical action S[g] is the time integral of a density (the Lagrangian) which is
an ordinary function of ¢(¢) and ¢(¢). As a consequence, the classical equation of motion
(1.7) is a differential equation. On the other hand, the effective action I'[¢] is nonlocal
in time and, therefore, the variational equation (1.8) is also nonlocal. If ¢{(¢) varies
slowly, however, it is possible to expand I'[¢] around a constant value of ¢ (derivative
expansion [6,14]). In this expansion one finds that also I'[¢] can be written as the time
integral of a density, which is a series of terms involving time derivatives of ¢(t) of
increasing order:

(3.1) nﬁzfm(4uw»+Z%”ﬁm+Amm¢m+Bmm$m+u).

As we shall see, the derivative expansion (3.1) does not generally converge and has only
an asymptotic validity for g(t) — constant. The absence in (3.1) of odd powers of §(#) is
a consequence of the time reversal symmetry of the Hamiltonian.

Except for 1, and Z, all the terms in the derivative expansion (3.1) are at least of
order h:

(32) Vi) = et + Ulg) + WV a) + O (),
(33) 20) = m+ b Z1la) + O ().

(3.4) Ag) = hAi(g) + O (1Y),

(35 Blg) = B (0) + O (7).

The effective potential V.(g), well known in quantum field theory in the study of sponta-
neous symrmetry breaking [5], 18 everywhere convex [13]. It may happen that the effective
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potential evaluated at a finite h order loses somewhere its convexity if the classical po-
tential is not everywhere convex [16]. In this paper we restrict ourselves to a phase-space
region where the evaluated effective potential is convex.

If the derivative expansion (3.1) is truncated at a finitc order 2N, the corresponding
variational equation is a differential equation of order 2N. We thus have a Cauchy
problem with 2V initial conditions. It is clear that these conditions do not determine
completely the initial wave function of the system. They are constraints which must be
imposed in the choice of the initial wave function for a comparison between true and
effective quantum evolutions. We confine ourselves to the second order in the derivative
expansion (DE2), that is

(3.6) vl = [ar (Vita) + 250200

This is the simplest approximation to the effective action which preserves the structure
of the classical equations of motion.

In the following we work out and compare two methods to obtain the derivative
expansion of the effective action. The first is an adaptation to quantum mechanics of a
method [6] used in quantum field theory and based on the Euclidean functional formalism.
In the second method, we rclate the derivative expansion to the adiabatic approximation
of a differential equation with slowly varying cocfficients. In this way we arc able to give
an estimate of the validity of the derivative expansion.

3'1. Derivative expansion: Fuclidean approach. — The derivative expansion of the
effective action can be obtained starting from the Euclidean generating functional

= J dlg]¥ 67%(SEM_Idw(”qm}@o(fﬁpo(y) dz dy

3.7 ZglJ :
(3.7) el] S (gl e =l ()00 (y) de dy

where the Euclidean action Sg|g] is defined by

(3.8) Seld = [ (%m-q'%t) +mat(e) + U(q(t))) .

Setting Wg[J] = hln Zg[J] and g(¢) = %‘I—l, we introduce the Euclidean effective action

(3.9) Tefal = WelJ] - [ deroato).
In analogy with the results of sect. 2, to one-loop arder we have

5255[11}
h det dq(t)dg(s) .
(3.10) Telgl = —Sglg] - 5 lnﬁ— o ]% +O(1),
O Temaats)




































